We propose a new method to produce an electric and magnetic dipolar gas of ultracold dysprosium atoms. The pair of nearly degenerate energy levels of opposite parity, at 17513.33 cm −1 with electronic angular momentum J = 10, and at 17514.50 cm −1 with J = 9, can be mixed with an external electric field, thus inducing an electric dipole moment in the laboratory frame. For field amplitudes relevant to current-day experiments, we predict a magnetic dipole moment up to 13 Bohr magnetons, and an electric dipole moment up to 0.22 Debye, which is similar to the values obtained for alkali-metal diatomics. When a magnetic field is present, we show that the electric dipole moment is strongly dependent on the angle between the fields. The lifetime of the fieldmixed levels is found in the millisecond range, thus allowing for suitable experimental detection and manipulation.
Introduction. In a classical neutral charge distribution, a dipole moment appears with a separation between the barycenter of positive and negative charges [1] . An obvious example is provided by an heteronuclear diatomic molecule, which possesses a permanent dipole moment along its interatomic axis. It will manifest in the laboratory frame when such a molecule is placed in an external electric field, acquiring a preferred orientation along the direction of the field. Moreover, a neutral atom placed in an external electric field acquires a small dipole moment, as the spherical symmetry of space is broken. This effect is spectacularly maximized in Rydberg atoms, where the induced dipole moment scales as n 2 , where n is the principal quantum number of the considered Rydberg state [2] . At the single-particle scale, the external electric field mixes even and odd-parity levels of the energy spectrum: rotational levels for a diatomic molecule (see e.g. [3] ), or levels with different orbital angular momenta for Rydberg atoms (see e.g. [4] ). In both cases, this leads to a pronounced linear Stark shift on the energy levels, revealing the existence of a permanent dipole moment in the laboratory frame. More surprisingly, it has been observed that a homonuclear diatomic molecule can exhibit a permanent dipole moment in the laboratory frame, when it combines a ground state atom bound inside the spatial extension of a Rydberg atom [5, 6] .
The search for such dipolar systems, involving especially lanthanide atoms, is currently very active in the context of ultracold dilute gases [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] . Indeed, the particles of the gas interact through a highly anisotropic long-range potential energy varying as the inverse cubic power of their spatial separation [18, 19] . Prospects related to many-body physics, quantum simulation and ultracold chemistry are nowadays within reach experimentally [20] [21] [22] . A particular attention is paid on gases with an electric and a magnetic dipole moment, which up to now consist of paramagnetic polar diatomics [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] .
In this Letter, we propose a new method to produce an electric and magnetic dipolar gas of ultracold dysprosium atoms. Our method is based on the electricfield mixing of quasi-degenerate opposite-parity energy levels, which appear accidentally in the rich spectra of lanthanides. Historically, the pair of levels at 19797.96 cm −1 with electronic angular momenta J = 10 has been employed for fundamental measurements [33] [34] [35] . However, their reduced transition dipole moment, equal to 0.015 atomic units (a.u.) [36] , is not sufficient to observe dipolar effects. On the contrary, the odd-parity level |a at E a = 17513.33 cm −1 with J a = 10 and the even-parity level |b at E b = 17514.50 cm −1 with J b = 9, which present a reduced transition dipole moment of 3.21 a.u., are very promising for dipolar gases [37] .
We calculate the energies, electric (EDMs) and magnetic dipole moments (MDMs) of a dysprosium atom in a superposition of levels |a and |b , and submitted to an electric and a magnetic field with an arbitrary respective orientation. For field amplitudes relevant to current-day experiments, we predict a MDM of µ max = 13 Bohr magnetons, to our knowledge the largest value observed in ultracold experiments, and an EDM of d max = 0.22 Debye, which is similar to the values of diatomic molecules [38] . We also demonstrate a strong control of the electric dipole moment, which ranges from 0 to d max as a function of the angle between the fields. Because |a and |b are excited levels, we also calculate the atomic radiative lifetime as functions of the fields parameters, and obtain a few millisecond for the level characterized by µ max and d max . Finally, we show that our method is applicable for all bosonic and fermionic isotopes.
Model. We consider an atom lying in two energy levels |a and |b , of energies E i and total angular momen-tum J i (i = a, b). Firstly, we consider bosonic isotopes which have no nuclear spin, I = 0. In absence of field, each level |i is (2J i + 1)-time degenerate, and the corresponding Zeeman subslevels are labeled with their magnetic quantum number M i . The atom is submitted both to a magnetic field B = Be z , with e z the unit vector in the z direction, taken as quantization axis, and to electric field E = Eu, with u a unit vector in the direction given by the polar angles θ and φ = 0. In the basis {|M a = −J a , ..., | + J a , |M b = −J b , ..., | + J b } spanned by the Zeeman sublevels of |a and |b , the Hamiltonian can be written
The Zeeman HamiltonianŴ Z only contains diagonal terms equal to M i g i µ B B, with g i the Landé g-factor of level |i . The last term of Eq. (1) is the Stark Hamiltonian, which couples sublevels |M a with sublevels |M b as
where a d b is the reduced transition dipole moment, Y kq (θ, φ) a spherical harmonics and C cγ aαbβ a ClebschGordan coefficient [39] . For given values of E, B and θ, we calculate the eigenvalues E n and eigenvectors
of the Hamiltonian in Eq. (1). The energy levels that we consider here are E a = 17513.33 cm −1 , J a = 10 and E b = 17514.50 cm −1 , J b = 9. Their Landé g-factors g a = 1.30 and g b = 1.32 are experimental values taken from Ref. [40] . The reduced transition dipole moment a d b is calculated using the method developed in our previous works [41] [42] [43] [44] Energies in electric and magnetic fields. Figure 1(a) shows the eigenvalues of the Hamiltonian (1) as functions of the magnetic field for E = θ = 0. The field splits levels |a and |b into 21 and 19 sublevels respectively, each one associated with a given M a or M b . On fig. 1(a) , we emphasize the lowest sublevel |M a = −10 , in which ultracold atoms are usually prepared. Due to the close Landé g-factors, the two Zeeman manifolds look very similar, i.e. the branches characterized by the same values M a = M b are almost parallel. For B ≥ 1000 Gauss, the two Zeeman manifolds overlap; but because the magnetic field conserves parity, the sublevels of |a and |b are not mixed. Provoking that mixing is the role of the electric field.
On figure 1(b) , we plot the 21 lowest eigenvalues of Eq. (1) as functions of the electric field for B = 100
Gauss and θ = 0
• . We focus on the eigenstates converging to the sublevels of |a when E → 0. In the range of field amplitudes chosen in Figs. 1(a) and (b) , which corresponds to current experimental possibilities, the influence of E is much weaker than the influence of B. On Fig. 1(b) , the energies decrease quadratically with the electric field, because the sublevels of |a are repelled by the sublevels of |b . Since θ = 0
• , the z component of the total angular momentum is conserved, and so, the sublevels for which M a = M b are coupled in pairs. In consequence, the sublevels |M a = ±10 are insensitive to the electric field, as they have no counterparts among the sublevels of |b (recalling that J b = 9).
The only way to couple the |M a = ±10 sublevels to the other ones is to rotate, say, the electric field, and thus break the cylindrical symmetry around the z axis. On figure 1(c) , the 21 lowest eigenvalues of Eq. (1) are now shown as function of the angle θ, for fixed field amplitudes, E = 5 kV/cm and B = 100 Gauss. Even if the corresponding eigenvectors are not associated with a single sublevel |M i (unlike Figs. 1(a) and (b)), they can conveniently be labeled |M i after their field-free or θ = 0 counterparts. For a given eigenstate, the θ-dependence of energy is weak. However for |M a = ±10 , the energy decrease reveals the repulsion with sublevels of |b , which is maximum for θ = 90
• . Magnetic and electric dipole moments. The z component of the MDM associated with the eigenvector |Ψ n is equal to
Since the eigenvectors are mostly determined by their field-free counterparts, µ n does not change significantly in our range of field amplitudes; it is approximately equal to µ n ≈ −M a g a µ B for n ∈ [1; 21] and µ n ≈ −M b g b µ B for n ∈ [22; 40] . For instance, the state |M a = −10 has the maximal value µ max = 13.0 × µ B . The mean EDM d n = Ψ n |d · u|Ψ n associated with the eigenvector |Ψ n in the direction u of the electric field is
where the matrix element ofŴ S is given in Eq. (2). Figure 2(a) presents the EDMs as functions of the electric field E, for B = 100 G and θ = 0
• . In this case, the graph is symmetric about the y axis. All the curves vary linearly with E; all, except the lowest and highest ones, correspond to two eigenstates. In agreement with Fig. 1(b) , the curve d n = 0 is associated with |M a = ±10 (n = 1 and 21). The lowest and highest curves belong to M a,b = 0, for which by contrast, the MDM vanishes. 5), associated with the eigenstates of the atom-field Hamiltonian (1) as functions of: (a) the electric field E for B = 100 G and θ = 0
• ; (b) the angle θ for B = 100 G and E = 5 kV/cm. The blue curve with crosses corresponds to the eigenstate |M a = −10 .
As shows figure 2(b) , the EDMs change dramatically as function of the angle θ. In particular, the EDM of the eigenstate |M a = −10 ranges continuously from 0 to a maximum d max = 0.224 Debye for θ = 90
• . The eigenstate |M a = 10 follows a similar evolution, except that its curve is sharper around its maximum. In contrast, the EDM of the eigenstate |M a = 0 , which is the largest for θ = 0
• , becomes the smallest for 90
• . Compared to the eigenstates |M a , the curves corresponding to the eigenstates |M b exhibit an approximate reflection symmetry around the y axis. Finally, it is important to mention that the influence of the magnetic field on the EDMs is weak in the amplitude range of Fig. 1(a) .
Radiative lifetimes. The radiative lifetime τ n = 1/γ n associated with eigenvector |Ψ n is such that γ n is an arithmetic average of the natural line widths of |a and |b , Figure 3 displays the lifetimes of all eigenstates of Eq. (1) as functions of the angle θ for E = 5 kV/cm and B = 100 G. Because the natural line widths γ a and γ b differ by 6 orders of magnitude, the lifetimes τ n are also spread over a similar range. At the field amplitudes of Fig. 3 , the eigenvectors |M a are composed at least of 90 % of sublevels of |a , and similarly for eigenstates |M b . (6), associated with the eigenstates |M a as functions of the angle θ for B = 100 G and E = 5 kV/cm. The blue curve with crosses corresponds to the eigenstate |M a = −10 . The inset shows the lifetime of this eigenstate as a function of E for B = 100 G and θ = 90
• .
Therefore, the lifetimes of eigenstates |M b (not shown on Fig. 3 ) are approximately 1/γ b , and they weakly depend on θ. As for the eigenstates |M a , their small |b components, say ε, induces lifetimes roughly equal to ≈ τ b /ε 2 . For |M a = ±10 , the lifetime ranges from τ min = 4.22 ms for θ = 90
• to τ a = 28.1 s for θ = 0
• . Again, this illustrates that the coupling with the sublevels of |b is maximum for perpendicular fields and absent for colinear ones.
The inset of figure 3 shows the lifetime of the eigenstate |M a = −10 as function of E. In this range of field amplitude, τ 1 scales as E −2 . So, a large amplitude E can strongly affect the lifetime of the atoms; but on the other hand, E needs to be sufficient to induce a noticeable EDM. So, there is a compromise to find between EDM and lifetime, by tuning the electric-field amplitude and the angle between the fields.
Fermionic isotopes. There are two fermionic isotopes of dysprosium, 161 Dy and 163 Dy, both with a nuclear spin I = 5/2. A given hyperfine sublevel is characterized by the total (electronic+nuclear) angular momentum F i and its z-projection M Fi , where |J i − I| ≤ F i ≤ J i + I, and −F i ≤ M Fi ≤ F i . Namely, F a ranges from 15/2 to 25/2, and F b ranges from 13/2 to 23/2. The hyperfine sublevels are constructed by angular-momentum addition of J i and I, i.e.
Compared to Eq. (1), the HamiltonianĤ ′ is modified aŝ
where E Fi is the hyperfine energy depending on the magnetic-dipole and electric-quadrupole constants W Z and Stark HamiltoniansŴ S are calculated by assuming that they do not act on the nuclear quantum number M I , and by using the formulas without hyperfine structure (see Eq. (2) and text above). After diagonalizing Eq. (7), one obtains 240 eigenstates (compared to 40 in the bosonic case). Despite their large number of curves, the plots of energies, EDMs and lifetimes show similar features to figures 1-3. The eignestates |Ψ ′ n can be labeled |F i M Fi after their fieldfree counterparts |F i M Fi . Moreover, the "stretched" eigenstates |F a M Fa = |25/2, ±25/2 are not sensitive to the electric field for θ = 0
• , and maximally coupled for θ = 90
• ; and so, their EDMs range from 0 up to d max and their lifetimes from τ a down to τ min . As shows Table  I , for the same field characteristics, the values of d max and τ min are very similar from one isotope to another. Conclusion. We have demonstrated the possibility to induce a strong electric dipole moment on atomic dysprosium, in addition to its large magnetic dipole moment. To do so, the atoms should be prepared in a superposition of nearly degenerate excited levels using an electric and a magnetic field of arbitrary orientations. We show a remarkable control of the electric dipole moment and radiative lifetime by tuning the angle between the fields. Since the two levels are metastable, they are not accessible by one-photon transition from the ground level. Instead, one could perform a Raman transition between the ground level |g (J g = 8) and the level |b (J b = 9) of leading configuration [Xe]4f 10 5d6s, through the upper levels at 23736.61, 23832.06 or 23877.74 cm −1 , whose [Xe]4f 10 6s6p character insures significant transition strengths with |g and |b . In the spectrum of other lanthanides, there exist pairs of quasi-degenerate levels accessible from the ground state, for instance the levels at 24357.90 and 24660.80 cm −1 in holmium, but in turn their radiative lifetime is much shorter [50] .
